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Thermal fluctuations in shape, thickness, and molecular orientation

in lipid bilayers

Max C. Watson,'? Evgeni S. Penev,?® Paul M. Welch,® and Frank L. H. Brown'2:?

' Department of Physics, University of California, Santa Barbara, California 93106, USA

2Department of Chemistry and Biochemistry, University of California, Santa Barbara, California 93106, USA
3Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA

(Received 19 July 2011; accepted 26 October 2011; published online 22 December 2011)

We present a unified continuum-level model for bilayer energetics that includes the effects of bend-
ing, compression, lipid orientation (tilting relative to the monolayer surface normal), and micro-
scopic noise (protrusions). Expressions for thermal fluctuation amplitudes of several physical quan-
tities are derived. These predictions are shown to be in good agreement with molecular simulations.
© 2011 American Institute of Physics. [doi:10.1063/1.3660673]

. INTRODUCTION

As early as 1890, oscillations in the shape of red blood
cells were observed with an ordinary microscope.' It was later
shown that this “flicker effect” could be explained as a con-
sequence of thermal fluctuations of the membrane surface.’
Thermal fluctuations are implicated in a number of additional
biophysical phenomena, including the steric repulsion be-
tween bilayers,>* cellular motility,’ and entropically driven
interactions between integral proteins.®’ In addition to these
effects, analyzing thermal fluctuations allows one to gain in-
sight into the structure and behavior of the membrane itself.

Traditional understanding of membrane deformations is
rooted in the picture put forth by Helfrich® and Canham,’ in
which the membrane is modeled as a smooth, structureless
sheet with energetic penalties due to bending and stretching.
When a more detailed framework is needed, the molecular
details of each monolayer also come into play. At the macro-
scopic level, liquid crystal theory tells us that the orientation
of the lipids must be taken into account.'” On smaller length
scales, the monolayer surfaces are no longer smooth, and are
subject to molecular protrusions.'!- 12

In terms of lipid orientation, generalization of the Hel-
frich energy enters in terms of molecular tilt.'>'* A lipid is
considered tilted when the vector pointing along the hydro-
carbon chain is not perpendicular to the monolayer-water in-
terface. Hamm and Kozlov'# have derived an elastic theory
for non-stretched monolayers, showing that a divergence in
the tilt field is energetically equivalent to bending the mem-
brane. The tilt degree of freedom is involved in many bio-
logical situations, including the formation of fusion stalks,'”
the line tension between lipid domains,'® the orientation of
cholesterol,'”"!? the deformation energy due to transmem-
brane proteins,’®?® and the lipid-mediated interactions be-
tween proteins.>>2’->° Molecular orientation is also believed
to play a role in certain non-biological phases. Unlike the fluid
L, phase, a non-vanishing average tilt is present in the in-
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verted hexagonal Hy;, inverted micellar cubic Q”,3° and tilted
gel L ﬁ,31 phases. The tilt order parameter is believed to give
rise to the rippled Py phase.’>

On length scales shorter than the bilayer thickness, the
monolayer-water interface can no longer be described by the
Helfrich and Canham picture. The microscopic surface of an
amphiphilic membrane constantly changes as the molecules
bob in and out of the interfaces. These out of plane perturba-
tions, known as protrusions, are traditionally associated with
a hydrophobic energy due to the increased hydrocarbon-water
contact area.' 2 The effect of protrusions has been measured
in terms of micelle kinetics*® and the repulsive force between
membranes separated by small distances.>*’ The role of pro-
trusions has also been discussed within the context of interfa-
cial enzymes.®

Molecular dynamics simulation has evolved as a method
of connecting theoretical models with specific lipid bilay-
ers and providing the values of material parameters through
virtual experiments. Measurement of the height (undulation)
fluctuations has become a standard method*-*->* to calcu-
late the bending rigidity of homogeneous fluid membranes.
Analysis of thickness (peristaltic) fluctuations has also been
conducted?®#'=#+30 in order to extract the value of the area
compressibility modulus. In Brannigan and Brown** (here-
after BB), a model was introduced to describe fluctuations in
both height and thickness as well as the effect of protrusions.
Recently, tilt fluctuations have also been measured by May,
Narang, and Kopelevich®>>3 (hereafter MNK) and described
within the context of the Hamm and Kozlov theory.

In this paper, we present a model for membrane energet-
ics that includes the effects of bending, thickness, tilt, and pro-
trusions. We show that the entire range of behavior, including
tilt, may be decoupled into peristaltic and undulation modes.
In addition to height and thickness averages, expressions for
the thermal fluctuations of various tilt-related quantities are
also provided. In Fourier space, the tilt deformations may
be further decomposed in terms of longitudinal and trans-
verse modes. Analytic expressions for the fluctuation spectra
show excellent agreement with two separate coarse-grained
simulations: (i) an implicit solvent model which we have pre-
viously developed,” and (ii) the MARTINI force field for

© 2011 American Institute of Physics
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FIG. 1. For each lipid, dark gray circles mark the portion of the molecule separating the polar head from the hydrocarbon tails. On a coarse-grained level, the
polar-nonpolar interfaces are described by z(’ and z®. The unit vectors N® are normal to z® and point toward the interior of the bilayer. The unit vectors
field m® points along the hydrocarbon chains. 5®m@ extend from z@ to the surface separating the two leaflets, ™. In other words, the top monolayer is
bounded by z(") and z™, while the bottom monolayer is bounded by z™ and z®. The mean height z* is the average of z() and z®. Left: a bilayer in its minimal
energy configuration, in which A = 0, 0 = z+, N@ = n®@ = 0, the thickness is 2bg and the area per molecule is Z¢ (dotted red). The volume per lipid
v satisfies v = by . Since there are no protrusions, /® = z(®_ Right: an arbitrarily deformed bilayer. On short length scales, the polar-nonpolar interfaces
h® are not smooth (dashed curves). The protrusion fields A*) displace the interface in the normal direction, so that (—1)* A’ N® (dashed vectors) extend
from z@ to h®). The fields z™™ (black) and z* (blue) differ in general. The thickness deformations are exaggerated for illustrative purposes. We will assume
throughout the paper that the absolute values of the following quantities are much less than one: N;a), n;a), VYN@ vn@ vz0m 5@ /545 1, b /b,

-1, ‘Z(w) _ Z(rn)|/b0 -1, (Z+ _ Z(m))/bo, V)\("‘), )»(a)/b().

dipalmitoylphosphatidylcholine (DPPC),%>>¢ which includes
explicit water. By fitting our expressions to the simulation re-
sults, the values of the elastic constants may be extracted.

Il. BILAYER ENERGETICS

In this section, we derive an expression for the total bi-
layer free energy F as a local quadratic functional of multiple
fields describing membrane “shape.” The approach we take is
strongly motivated by the work of May and Ben-Shaul,?!-?? in
that we start with a deceptively simple-looking expression for
the free energy per lipid motivated by the venerable opposing
forces model'? (see Eq. (11)) and construct the primary
long-wavelength contributions to F as the natural conse-
quence of this model. We allow for quite general membrane
deformations subject to the conservation of lipid volume (see
Fig. 1), which represents a considerable generalization
beyond the cylindrically symmetric and leaflet—symmetric
deformations previously considered by May and Ben-Shaul.
Additionally, we include energetic contributions due to inter-
lipid twist'®!* (see Fig. 4) and molecular-scale protrusion
effects that are absent from the opposing forces model.

The final outcome of the calculation outlined above is
summarized in Egs. (26)—(28). The various fields necessary to
describe membrane shape and appearing in F are defined and
discussed in Sec. II A. Expressing F in terms of these fields
is a complicated geometric problem, even when truncating to
second order in deviations from the flat ground state configu-
ration. To simplify the presentation, we outline the steps nec-
essary for this derivation in Secs. II B and II C, but leave many
of the details to Appendix A.

We recognize that some readers will not be interested in
the details of the theory and will want to skip ahead to the re-
sults. Practical expressions for the thermal fluctuation spectra
of various measurable fields are presented in Egs. (39)—(43)
of Sec. III, which represent excellent approximations to the
lengthy full expressions found in Appendix D (at least for the
bilayers studied in this work). Tables I and II provide a listing

of all the symbols used throughout the text and should prove
a useful resource to readers looking to understand the results
of later sections without fully digesting the underlying theory.

A. GEOMETRIC DESCRIPTION

Throughout this paper, superscripts « = 1 and o = 2
will refer to the top and bottom leaflets of the bilayer, re-
spectively. Vectors are written in two ways: ¢ denotes a three-
dimensional vector while the two-dimensional vector ¢ refers
to the xy components of c¢. The vector calculus operations
of divergence, gradient, and curl are only applied to vectors
of the ¢ flavor and only act within the xy plane. Excluding
Appendix C, the indices j and k each run over the x and y
components of vectors. The quantity r = (x, y) denotes two-
dimensional position.

The cross sectional area per lipid at the hydrocarbon-
water interface that minimizes the monolayer free energy per
molecule in a flat, tension-free geometry is denoted by X.
The corresponding average hydrocarbon chain length is given
by by. The fields z® (r) describe the macroscopic surface sep-
arating the polar heads and hydrocarbon tails of each mono-
layer (Fig. 1). The surface separating the top and bottom
monolayers is denoted by z™ (r). For later convenience, we
shall define

RO

(1)

3\l
1

E=7Z

Here 7™ describes the undulations of the bilayer, averaged
over the top and bottom leaflets. z* is analogous to the field
used by Helfrich® to describe membrane shape. Deviations
from the mean membrane thickness are described by z~. We
shall more succinctly refer to z+ and z~ as the mean height
and deviations in thickness, respectively. Deviations of 7m
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TABLE I. The list of fields associated with the bilayer along with the equation or figure where they are first defined. The superscript « = {1, 2} refers to
the top and bottom leaflets, respectively. Though the list is long, the only fields present in the final expression for the bilayer free energy (Egs. (26)—(28)) are

{z*, A%, , m}.

Symbol Definition Symbol Definition

Macroscopic fields Protrusion fields
7@ Hydrocarbon-water surfaces (Fig. (1)) A Protrusion field for each monolayer (Fig. 1)
zr Mean bilayer height (Eq. (1)) AE Antisymmetric/symmetric parts of A0 (Eq. (7))
- Deviations in bilayer thickness (Eq. (1)) AA@ Relative area created by protrusions (Eq. (24))
Zm Surf.aCf: separating the two leaflets (Fig. 1) Measured fields
3 Deviations of z from z* (Eq. (1))
b Lipid chain length (Eq. (6)) B Hydrocarbon-water surfaces (Fig. 1)
N@ Vectors normal to z(® (Fig. 1) h Mean bilayer height (Eq. (8))
N@ xy components of N@® t Deviations in bilayer thickness (Eq. (8))
n@ Monolayer directors (Fig. 1) (@) Monolayer directors (Fig. 2)
n@ xy components of m(® N@® Vectors normal to A% (Fig. 2)
m©@ Monolayer tilt (Eq. (4)) N@) xy components of N©)
m©® xy components of m®) m@ Monolayer tilt (Eq. (9))
m, m Antisymmetric/symmetric tilt (Eq. (5)) m@ xy components of monolayer tilt (Eq. (9))
rﬁcll, rhé Longitudinal and transverse P, p Antisymmetric/symmetric tilt (Eq. (10))
rh(!‘, rhﬂf components of g and my (Egs. (31)and (32)) ﬁ(‘i, ﬁfl- Longitudinal and transverse
@ Area per molecule at 7@ (Eq. (11)) ﬁ(HI, ﬁé components of pq and pq (Egs. (40)-(43))
Z,(,”) Area per molecule at head group surfaces (Eq. (11)) Pyy xy-component of stress tensor (Eq. (45))
g§7 ) Effective monolayer thickness (Eq. (14)) s(z) Stress profile (Eq. (45))
gxy) Area element at z® (Eq. (A2))

from the average shape z* are described in terms of &. Both
77 /by and ¢/by are assumed to be small quantities.

For a given leaflet, the macroscopic tilt vector m has been
defined as'

n
n-N

where m, known as the director, is the unit vector pointing
from the polar head along the hydrocarbon chain. Here, the
unit normal to the surface N points toward the interior of the
membrane. Note that m is exactly parallel to the interface (m -
N = 0), and its length is equal to the tangent of the angle 6
between n and N; m is not a unit vector.

In practice, we work with the macroscopic tilt vectors
m® in the following way. We assume 9z*/dx <« 1 and
879/9y <« 1. Up to first order, the vectors normal to 7@ are

NO — (VZU), _1) , N(2) — (—VZ(Z), 1). 3)

- N, @

m =

For each monolayer, the lipid orientation is described by m‘®.
At each point, we assume the angle  between n® and N®
is small. The xy components of the tilt vector may then be
approximated as

m% = n® — N(O‘), 4)

which is consistent with Eq. (2) up to first order in 6. This

expression will serve as our working definition of the tilt vec-

tor. The z component is unnecessary since Im@|? ~ [m@|?

up to second order in {N@ n@} Later, it will be convenient

to describe lipid orientation in terms of

m® + m® m® —m®

_— m= — )
2 2

since we will show that F is block diagonal-the fields

{zT, M, &} are decoupled from the fields {z~, m}.

m

The effective lipid chain length is described by 5. By
effective length, we mean the distance from the hydrocarbon
interface to the end of the tail, as measured by a straight line.
We assume no voids exist within the membrane, so #®'n® is
required to extend from z'® to z (Fig. 1). Up to first order
in the small quantities {n®, Vz"™, |z@ — z0™|/by — 1}, we
have

P = L) _ ) @ ) _ @) 6)

As mentioned in the Introduction, the polar-nonpolar in-
terfaces are subject to microscopic displacements from the
7@ fields, or protrusions A at short length scales. The actual
position of each interface is denoted by A® (Fig. 1). Though
the protrusions are formally considered to displace the inter-
face normal to z®), they point solely in the z direction up
to first order in {N®, A /py}, such that h® = z® 4 A@,
For both leaflets, a protrusion in the positive z direction cor-
responds to A(¥) > 0 in our convention. Just like z®, 1) may
be decomposed into symmetric and antisymmetric parts,

A 4@ A @

— A= @)
2 2

The mean height 4 of the bilayer and deviations in the bilayer

thickness ¢ are directly measured in our simulations. Up to

linear order in {VA©®, N®_ 1@ /bo}, we have

)\_+

h=zt+1T, t=z +Ar". ®)
Only first order contributions are significant since we will be
measuring thermal averages quadratic in /4 and ¢. From a theo-
retical perspective, we imagine these fields to reflect precisely
defined interfaces between the hydrocarbon chains and sur-
rounding water. In practice, these fields are extracted from the
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TABLE II. List of symbols along with the equation or figure where they are defined. Note that all elastic constants are defined as monolayer properties and
that we define ¢ to be the spontaneous fotal curvature of the monolayer and choose its sign such that cp > 0 implies lipids with a preference for micelle over
reverse micelle geometries. These conventions agree with some works and differ from others; extreme care must be exercised in comparing to prior results.
(In particular, the conventions used in BB differ from those introduced here for the quantities k4, kﬁ’ ,and cp. In BB, k4 and k. refer to bilayer properties and
correspond to double the values defined here. ¢o in BB is defined as the monolayer mean curvature and corresponds to half the value defined here.)

Symbol Definition Symbol Definition
q Wave number (q., gy) (Eq. (29)) Monolayer Constants
r xy position (Eq. (14))
M Index of highest wave number (Eq. (29)) by Average monolayer thickness (Fig. 1)
g, Fourier trans. of some function g (r) (Eq. (29)) d Distance from z™ to the neutral surface (Eq. (23))
L System size (Eq. (29)) %o Average cross sectional area per lipid (Fig. 1)

. v Volume per lipid, v = by X (Eq. (14))

Free Energies o Monolayer spontaneous total curvature (Eq. (12)),
f@ Macroscopic energy per lipid (Eq. (11)) (twice the spontaneous mean curvature)
f;ff'ai.e Macroscopic energy density in xy plane (Eq. (14)) kCE Splay (bending) modulus at constant area, (Eq. (12))
fo (z’, rh) Macroscopic energy density in xy plane from kf Splay (bending) mod. at const. chain length, (Eq. (19))
Ju (z*, m, e) peristaltic(p)/undulation(u) modes (Eqgs. (19) and (20)) ke Splay (bending) modulus at neutral surface (Eq. (22))
fo (z_, m, )F) Total energy density in xy plane from kg Saddle-splay (Gaussian curvature) modulus (Eq. (12))
fu (z*, m, A*) peristaltic(p)/undulation(u) modes ka Compressibility modulus (Eq. (12))
(Eqs. (27) and (28)) m Cross-term modulus for /@ (Eq. (12))
F Total macroscopic free energy (Eq. (18)) Q Cross-term modulus for f;ﬁle (Eq. (19))
F Total free energy (Eq. (26)) Ko Tilt modulus (Eq. (12))
For Fu Total peristaltic(p)/undulation(u) energy Ktw Twist modulus (Eq. (13))
(Egs. (27) and (28)) ¢ Constant term in f(o‘) (Eq. (12))
Vi Protrusion-related surface tension (Eq. (25))
Abbreviations k;, Hookean protrusion coefficient (Eq. (25))
BB Brannigan and Brown** B Head group repulsion coefficient (Eq. (11))
MNK May, Narang and Kopelevich>%>? Vs Surface tension at the z(® surfaces (Eq. (11))
CG Coarse-Grained implicit solvent model*’ Hookean chain-stretching coefficient (Eq. (11))
DPPC MARTINI force field for DPPC33-%¢ Le Preferred lipid chain length (Eq. (11))
Ly Distance from z® to head groups (Eq. (A6))

simulation by measuring the positions of the interface points
for each lipid (see Sec. V).

Like the height and thickness variables, the values of
the tilt vectors measured in the simulation m® are a sum
of both macroscopic and protrusion-related contributions.
Strictly speaking, protrusions affect the measured value of
the director fields fi® as well as the measured normal vec-
tors N@ (Fig. 2). The resulting tilt vectors are given by
m® = i@ — N® with [m@|? ~ |[m®|2. Within our model,
a protrusion changes the location of the polar-nonpolar inter-
face while leaving the rest of the lipid in its original position.
The measured director fi® points from the protruded inter-
face toward the end of the hydrocarbon chains. For the top
layer, for example,

pOpM L AOND
b + AOND|’

()

Up to linear order in {A®/by, N® n@}, we have
fi® = n® (Fig. 2 (top)). Unlike the directors, N®) is affected
by gradients in the local protrusion field (Fig. 2 (bottom)).
To first order in {VA®, N}, the measured normal vector is
given by

N©®@ = N@ — (—1)* vA©@.
The measured tilt vectors are then

@0 =m® —va®, m® =m® 4 Vi@, ©)

It will also be useful to work with the symmetric and antisym-
metric measured tilt vectors:

p=m-Vi, p=m-Vit (10)
In what follows, we derive the bilayer free energy due to

smooth macroscopic deformations as well as the additional
free energy density due to microscopic protrusions.

B. Macroscopic bilayer free energy

We begin by introducing a monolayer free energy per
molecule f @ which does not include the effect of pro-
trusions. Our derivation is similar to that in May and
Ben-Shaul,?'*>? where the free energy density of the bilayer is
obtained from a simple model of the free energy per molecule
by means of geometric transformations. This approach differs
from the original works of Frank'® and Helfrich,® in which a
Hamiltonian is derived based on symmetry arguments alone.
However, it will be shown that our general expression for the
macroscopic free energy (Eq. (12)) reduces back to past re-
sults in limiting cases.

The free energy per lipid is assumed to be of the phe-
nomenological form

o B
JO= B s G =R A

h
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Z(m)

A0

FIG. 2. Top: The hydrocarbon-water interface of the middle lipid is pro-
truded upwards (A) > 0). The measured director fi‘)) points from the dis-
placed surface toward the end of the hydrocarbon chain (along the red dashed
vector). The dashed vector only shows the direction of fi!) but not its magni-
tude, since ‘! is a unit vector. The monolayer thickness is large compared to
AD som® ~ n®. Bottom: N # N due to a gradient in the protrusion
field.

where @ and E;la) are the molecular cross sectional area at
the hydrocarbon-water interface and head group region, re-
spectively (see Fig. 3). The first term reflects the energetic
cost of exposing hydrocarbon chains to the aqueous solution.
The surface tension y, is expected to lie between 20 and
50 mN/m.'? The head groups repel each other, and are as-
sumed to only interact within a given surface located at a
fixed distance, ¢, above the polar-nonpolar interface. In gen-
eral, the repulsion is due to several effects, including elec-
trostatics, steric forces, and hydration forces. In the well-
known opposing forces model,'? these contributions are in-
corporated through the term in f© proportional to 1/ E,(f).
The third term accounts for the lipid chain’s conformational
free energy with t representing an entropic spring constant
and £, is the preferred length. Only deformations that con-
serve volume of the lipid chain are allowed as it is assumed
that the hydrocarbon core of the monolayer is effectively
incompressible.

By applying geometric arguments detailed in
Appendix A, Eq. (11) may be expressed to quadratic
order in {£® /%) — 1, ¥, m®} while holding the volume
per lipid constant. Introducing standard notations for the
coefficients (see Appendix A to relate these constants to the
parameters of the opposing forces model), we find

F@) ey (@ -5\ kE
S _ka <—0) + %(_v 0@ — ¢)?

> 2 N
T@ _ 3, on@
+u( =—= )V -0 + kg det
o Tk
K,
+ ?9|m<°‘>|2 +¢. (12)

J. Chem. Phys. 135, 244701 (2011)

FIG. 3. The starting point of our model is the phenomenological macro-
scopic free energy per lipid £ ,?>2 which is a function of the hydrocarbon
chain length b®, the cross sectional area at the polar-nonpolar interface ()

(green), and the cross sectional area at the center of the head group E,(ID‘) (yel-

low). The two surfaces which contain £ and E,(l'” are separated by a fixed
distance ¢j,. The volume v of the hydrocarbon chain region (finely dashed
box) is constant to enforce chain incompressibility.

In writing this expression, we have used the relation
ys2o = B/Xy + 2byt(by — £.), which follows from the
requirement that @ = E;la) = 3, represents the minimum
free energy configuration of Eq. (11) when considering flat
monolayer geometries that satisfy £©@ = % = 1/p@,

Before proceeding further, we note that two contributions
to this expression vanish for the systems we will consider in
this paper. First, the term containing kg is related to Gaussian
curvature and may be re-written as the divergence of a vector
field:"’

an@) 1
) ==V (V- n)n® — @@ . v)n®].
Brk 2

det

Integrating this contribution over an area (as we will do be-
low) merely results in a boundary term. We shall focus on
homogeneous membranes with periodic boundary conditions,
so that this term vanishes. Second, in order to compare our
predictions with previous theoretical investigations, we will
restrict the study to the case of vanishing lipid chemical po-
tential. The constant contribution to Eq. (12), k¥c3/2 + ¢, is
the lipid chemical potential divided by X, and we henceforth
set this quantity to zero. It should be stressed that the sim-
ulations we shall eventually compare to are not carried out
at constant vanishing chemical potential, but rather under the
more computationally convenient condition of constant lipid
number and vanishing applied surface tension. This is a pos-
sible source of concern that has seen substantial prior discus-
sion in the literature.’” %% However, recent work suggests
that the two conditions (vanishing chemical potential versus
vanishing imposed tension) are consistent with one another,
at least to the level of accuracy associated with our quadratic
model.%*
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The first term in Eq. (12) is associated with deviations in
the area per molecule away from its mean value. The second
term corresponds to deviations of the total effective curvature
—V - n® from the total spontaneous curvature c,. This contri-
bution is identical to the splay energy in nematic liquid crys-
tal theory.!® The sign convention guarantees that a negative
divergence in n®), corresponding to a micelle shape, results
in a positive curvature for either monolayer and that a posi-
tive value of the spontaneous curvature indicates lipids with a
preference for micelle morphologies (note that within some
conventions, the constant inside the splay energy is called
2¢o and/or may involve a sign difference from our defini-
tion. See the discussion in the caption of Table II). The sym-
bol kZ reflects the cost of bending when the interfacial area
per molecule @ is held equal to its equilibrium value X.
The third term couples stretching/compression with curva-
ture. The fourth term corresponds to the effective Gaussian
curvature, or saddle-splay. As mentioned in the previous
paragraph, this contribution vanishes for the cases con-
sidered herein. The final contribution is associated with
molecular tilt. Note that in the limit kg — oo, m@ =0
and we have V -n@ = £V?z@ (see Egs. (3)and (4)). The
free energy then reduces to the more traditional Helfrich
form.% A physical interpretation of the tilt term is given
in Appendix B.

Although the modified opposing forces model (Eq. (11))
captures several contributions to the free energy, it does not
account for the interactions between neighboring hydrocar-
bon chains. This may be included through the twist energy,
which is well known within the liquid crystal literature.'”
As shown in Fig. 4, twist corresponds to a specific type of
variation in the tilt field. Unlike dilation, splay and tilt, twist
is mainly associated with interactions between neighboring
chains of lipids. It has been predicted that such deforma-
tions are energetically less costly.!” In Sec. V, we find
that this is indeed the case. For a non-stretched monolayer
(2@ = ¥,) Hamm and Kozlov'* showed that twist may be
accounted for by adding a term proportional to (V x m®)?
to the monolayer free energy. It has been shown using both
elastic theory'* and symmetry arguments'®?’ that the twist
contribution is decoupled from the rest of the Hamiltonian.
For the quasi two-dimensional membranes within our model,
the twist term reduces to (9m'® /0y — 8m(y")/3x)2. From
Eq. (12), the free energy  per  molecule
becomes

Fla) (@) _ 2 b
f = k_A u + kL(V . n(a))Z
20 2 2 2

@ 3
+kZcoV -0 + pu (—(’) V-n®
o
Ko

3

M@+ 25V x m )2, (13)
where ki, is the twist modulus and we have explicitly re-
moved the terms involving chemical potential and Gaussian
curvature as previously discussed.

In addition to the orientational effects of splay, saddle-
splay, and twist, the Frank free energy of liquid crystals also

J. Chem. Phys. 135, 244701 (2011)

Y
X—>x

FIG. 4. Here, two neighboring rows of lipids have different values of m".
Twist is present since the tilt vectors point in the x direction, but vary in the y
direction. Thus, the k¢ and xyy terms in Eq. (13) are nonzero.

includes a final “bend” term in the Hamiltonian'%'* (“bend”
has a different meaning than in the membrane literature). For
the lamellar phase, this would reflect interactions between op-
posing leaflets.® Its effect is expected to be even weaker than
that of twist, since only the ends of lipids in opposing lay-
ers are in contact with each other. In terms of our quadratic
Hamiltonian, we consider the free energy associated with in-
termonolayer coupling to be negligible. In Sec. V, we demon-
strate that this assumption is valid. We will now use Eq. (13)
to calculate the free energy density of a bilayer.

The total deformation energy is the sum over all
molecules®!

F:/f(l)dn(1)+/f(2)dn(2).

The quantity dn® is the number of lipids whose polar-
nonpolar interfaces are located within the area element
dr = dxdy as measured at z*). Each monolayer’s energy den-

sity projected onto the xy plane, g&;e, satisfies

o 1 “(a) (« a
/f(ondn(a):;/ﬂa)g(v)drz/flf,a;edr, (14)

where the monolayer volume element vdn® =dV@®
= g{fl )dr. The condition dV® = vdn® enforces constant
volume per lipid®'+?? (though this incompressibility condition
is valid within the continuum regime, it breaks down on length
scales comparable to the bilayer thickness (see Sec. II C)).
The total macroscopic bilayer energy may then be written as
an integral over the xy plane:

F= / £ dr+ / 2 dr. (15)
The effective thickness ggf‘ ) has been calculated previously in
the context of protein inclusions,’'-?*> where the symmetric bi-
layer possessed cylindrical symmetry. In Appendix A, we de-
rive the general expression for gy’ where no symmetries are
assumed (see Eq. (A1)). Since no constant terms are present
in Eq. (13), only terms in g%” ) up to first order are needed for

calculating f;ﬁie to second order:

(@) o — b(% ()
s =bho+ (=Dt + 2V 0, (16)

The energy density in the xy plane ;f;;e may be expressed in

terms of monolayer thickness using the first order expression
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244701-7 Thermal fluctuations of lipid bilayers

for =@ (see Appendix A) combined with Egs. (1) and (6):

T@ _ % b
2 - £ _Ny.aa@, a7

o by 2
Using Egs. (1), (3), (4) and (13)—(17), the macroscopic bi-
layer free energy may be written as a functional of the various
shape fields F[z(", z®, m¥, m®, ¢]. Though the full expres-
sion is lengthy, the result is most concisely described in terms
of peristaltic f;, (z’, Iil) and undulation f, (z*, m, s) contri-
butions, which are decoupled from one another:

Z_ o
=5 ~(D

F = /(fp(z‘, m) + fu(z", h, g))dr, (18)

where

folz ™, m) = Z—%(z_)z +kP(V2zT 4+ V -m)?
+2kZco(V - 4 V3z7) +b—§z(v S+ V7)o
+ kg + Kk (V X )2, (19)
and
fuzt i, 8) = K2(V22 + V- 1i)? + ki + ki (V X 1)

k Q
+ 58— (V4 Vi he, (20)
B by

using the constants,
Q = 2kZco — 2 + kaby,

1 1
kb =k + EQbO — ZkAbg. (21)

Note that the splay terms, which are now written in
terms of V2z*, V.t and V -m, follow from Eq. (13)
using the relationship V -n@ = (—1)**! V2@ + V. m®
(Egs. (3) and (4)).

What is the difference between k= and k2? The bare
bending modulus k> reflects the cost of bending the mem-
brane while holding the interfacial area per molecule X ®
equal to Z¢. The bending modulus k” reflects the cost of bend-
ing the membrane while holding the chain length 5 equal to
by.

Since both ©® and »® fluctuate in general, a more use-
ful parameter is the bending modulus k. defined with respect
to the neutral surface of each monolayer.®> Using parallel sur-
face arguments,® it can be shown that

QZ
ke = kb — —. (22)
4k 4
Within our model, k. is also the coefficient of the q‘4 term in
the height fluctuation spectrum (see Sec. III). The distance d

from z(™ to the neutral surface of each monolayer is given by

bk Q

d —.
2 + 2ka

(23)

Here, we have defined d such that d = 0 and d = by correspond
to the neutral surface lying at 2/ and z(®, respectively. Note

J. Chem. Phys. 135, 244701 (2011)

that in the limit Q/ky < by, the neutral surface lies at the
center of the monolayer and kf = k.. In Sec. V, we find d to
be between by/2 and 3by/4 for the systems we study.

Physically, the decoupling of the Hamiltonian into un-
dulation and peristaltic contributions is analogous to find-
ing the normal modes of a system of coupled springs. The
peristaltic/undulation (symmetric/antisymmetric) decoupling
of Eq. (18) was made possible by the fact that the opposing
leaflets have identical material properties. Though an orthog-
onal decomposition would still be possible for non-identical
monolayers, the resulting normal coordinates would contain
the values of the material parameters. In general, the peri-
staltic/undulation decoupling is possible when the free energy
expression for each monolayer is identical. This is true for our
model since the free energy for each lipid is given by Eq. (12).

The total macroscopic free energy F contains energetic
contributions originating from multiple degrees of freedom.
Each monolayer free energy in Eq. (13) is a function of
four independent scalar fields: {Z®, V .n®, m@®}. Since
both monolayers are fused together at a common midplane,
Z, the bilayer free energy contains only seven indepen-
dent scalar fields. Written in terms of {z*, z~, e, m, m}, the
Hamiltonian may be expressed as the sum of peristaltic and
undulation modes.

F is parameterized by five elastic moduli {k., k4, 2,
Ko, K} and two “geometric” constants {by, co} (kc2 and k'C’
are combinations of these quantities [Eqgs. (21)and (22)]).
Though not used further in this work, the underlying theory
derived in this section is general enough to account for fi-
nite chemical potential and non-periodic membrane geome-
tries where Gaussian curvature may play a role, which would
bring the moduli count to seven (add ¢ and kg). In Ap-
pendix A, we show how the macroscopic moduli are related
to the molecular constants from the opposing forces model
(Eq. (11)) {ys, B, 7,2, 1, v} (the equilibrium quantities bg
and X are functions of these six parameters and are not in-
dependent variables).

The theory presented here relaxes various assumptions
made in our previous work (BB). In addition to neglecting
orientational effects, our previous treatment modeled each
monolayer as a collection of rectangular lipids pointing purely
in the z direction, such that the area per molecule measured at
any surface would be equal to £®. As a result, the monolayer
bending modulus was independent of its reference surface. In
BB, it was also assumed that ) = £ for simplicity. No
such requirement is made here.

In summary, the macroscopic portion of the Hamiltonian
we use for our analysis may be written as the sum (Eq. (18))
of peristaltic (Eq. (19)) and undulation (Eq. (20)) modes.
With the exception of the contributions containing ¢, various
terms (or slight variations) from Egs. (19) and (20) have ap-
peared in previous derivations of the membrane deformation
energy.'+21-22.27 In Fournier’s derivation,?’ an expression for
the bilayer free energy is first written as a sum of all possible
terms quadratic in z\" and z® up to second derivatives and
analogs of m and m up to first derivatives. Numerous terms
are then discarded mainly due to symmetry arguments, while
volume conservation is not enforced. While this method el-
egantly avoids any reliance on specific microscopic models,
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it does not provide physical relationships between the coeffi-
cients of each term. For example, in contrast to the model pre-
sented in this paper, the coefficients of the (V2z%)2, (V - ﬁl)z,
and (V - 1)? terms are all distinct, resulting in a larger num-
ber of physical parameters. The method used here’'-?? en-
forces the incompressibility constraint and provides a means
to relate molecular parameters to macroscopic elastic moduli.
By allowing for a bilayer of arbitrary shape, Eqgs. (18)—(20)
generalize the results from May and Ben-Shaul,>"-?> which
were calculated within a radially symmetric, undulation-free
(z* =z = = 0) geometry.

C. Protrusions

On length scales comparable to and smaller than the bi-
layer thickness, molecular structure becomes important. At
this point, the macroscopic model (Eq. (18)), which treats
the monolayer as an incompressible elastic continuum, be-
gins to break down. The incompressibility condition (see
Eq. (14) and Appendix A) was formulated in terms of con-
tinuum quantities: dV(®/dn® = v, stating that the contin-
uously defined lipid number density dn®/dV® is constant
everywhere within the membrane. This statement is not ex-
pected hold over length scales where the discrete nature of
the lipids becomes important, where molecular number den-
sity becomes difficult to unambiguously assign and where
the monolayer surfaces and director fields necessarily display
roughness associated with the microscopic noise inherent to
atomic scale motions. To account for these unavoidable de-
ficiencies with the continuum elastic approach, we adopt a
scheme similar to Lipowsky and Grotehans,'! where a contin-
uum description of microscopic “protrusions” is introduced.
Though this treatment is essentially phenomenological, we
will show that the resulting expressions for the thermal av-
erages are in excellent agreement with the simulation data.

We model protrusions as deviations from the average
monolayer surfaces z® along the corresponding normal vec-
tors N@ (see Fig. 1). Up to first order in {N@, 1) /b,}, the
protrusions point purely in the z direction, with A > 0 cor-
responding to perturbing either monolayer interface upwards.
The free energy density in the xy plane due to protrusions f,\(“)
consists of a surface area term, reflecting the interfacial ten-
sion, plus a binding term to keep the fluctuations localized to
the coarse-grained fields z* (BB):

© = 5849 4 2pep,

where the surface area difference introduced by the fields A®
is

AA@ — %[(V(Z(a) 4+ 2N (@2, (24)

The area of the sheets z® is subtracted off because the in-
terfacial energy associated with molecularly smooth shape

changes is already incorporated within ;ﬁfjle. We consider

b to be unaffected by protrusions because volume is not
conserved on a molecular level. Microscopic changes in the
hydrocarbon chain length may be taken into account by the
k; term in Eq. (25).

J. Chem. Phys. 135, 244701 (2011)

The total contribution of the protrusion energetics is the
sum from both monolayers: f; = ,\(1) + fk(z). In terms of the
symmetric/antisymmetric variables in Egs. (1) and (7), the to-

tal free energy due to protrusions is
fr = nl(VAT? + (VA7) +2V2" - Vs
+2Vz VAT + IO+ (A7) (25)

The total free energy density for the membrane is
. Ffll;ne + fp(lz,;ne + fi. Writing the total bilayer free energy in
terms of undulation and peristaltic modes,

F= / (o A+ fula o ain e 2P )dr, (26)
k
foz™m, A7) = b—§<z-)2 F KOV 4V -y
0
) - 2_— Q - 2 -y —
+2kZco(V-m+ Vg )+b—(V~m+V 7))z
0

+ kg K (V x )?

+V(VAT +21 V2" - VAT + kO (@27)
fuz™ i, e, A7) = K2(V2ZT 4+ V- m)? 4 ipri?

k Q
F i (V x )2 + 562 — (Vi + Vi F)e
B bo

+ (VA2 421, V2T - VAT + (0% (28)

These Egs. (26)—(28) summarize the primary theoretical re-
sults of this paper. The fluctuation spectra discussed in
Sec. III follow immediately from these expressions.

By including the protrusion contribution f; to the total
free energy, we have introduced two additional scalar fields
{A*,A7} and two elastic parameters {y;,k;}. Though we
assume that two elastic parameters are needed to model
protrusions in general, we show in Sec. V that y, may be
approximated as zero for the systems we have analyzed.

lll. FLUCTUATION SPECTRA OF HOMOGENEOUS
MEMBRANES

The free energy of the bilayer determines the nature of
its thermal fluctuations as a function of wave number q. Mea-
surement of the height fluctuations (|hq|2) via simulation has
become a standard method?**** to calculate the bending
rigidity of homogeneous fluid membranes. Analysis of thick-
ness fluctuations (|tq|2> has also been conducted?®-*1-44.50,51
in order to extract the value of k4.

In MNK, tilt fluctuations were analyzed within the con-
text of the Hamm and Kozlov'* model. However, their treat-
ment was simplified since the Hamm and Kozlov theory only
pertains to non-stretched monolayers in the incompressible
continuum limit. MNK reported that membrane fluctuations
may be adequately described by the macroscopic Hamm and
Kozlov model down to length scales approaching the inter-
lipid distance. By analyzing the spectra of many previously
unmeasured quantities, we will show that a microscopic for-
mulation of protrusions is required to accurately describe the
tilt fluctuation spectra at length scales comparable to the bi-
layer thickness.
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244701-9 Thermal fluctuations of lipid bilayers

In this subsection, we derive exact forms for the height,
thickness, and tilt fluctuations predicted by Eqs. (26)—(28),
respectively. The tilt fluctuations, which involve vector quan-
tities, are analyzed in terms of longitudinal and transverse
components relative to q. The resulting decomposition will
further illuminate the role of both twist and protrusions. The
predicted spectra agree very well with the simulation data. Fit-
ting the exact expressions allows us to determine the values of
the elastic constants.

For a homogeneous membrane in a square box of area
L? and periodic boundary conditions, the Hamiltonian may
be written in Fourier space using Eqgs. (26)—(28). We use the
Fourier transform pair,

1 .
& =7 / g(r)e™" 4" dr,
1 )
g =2 g, (29)
q

for an arbitrary scalar function g(r). When g(r) is real, which
is the case for all quantities we discuss, gg = g_q. The values
of the wave number are given by q = 27 (n, m)/L for the in-
tegers n,m = {—M/2,...,0,... M/2 — 1}, where M is dic-
tated by a short wavelength cutoff.

In Fourier space, the vector quantities m, m, and
VAt may be decomposed in the following way. Any two-
dimensional vector ¢ may be written in terms of its longitudi-
nal and transverse components,

d=TC 1 _@XxeE (30)
q q
Note that cg* = —ct, and = —c[q when ¢(r) is
real. Within this basis, the differential operators in
Egs. (27) and (28) appear particularly simple in Fourier space
and the longitudinal and transverse components of the Hamil-
tonian are decoupled: V x ¢ — iqcé%, V.c— iqcﬂ‘ and
VAt - qkqi. In Fourier space, integration over real space

J. Chem. Phys. 135, 244701 (2011)

is replaced by a sum over modes:

ka
Fu=) {qu“lziflz + b—g|ec.|2 + (b + kog A1
q
+ (5o + k2g?) I + (o + kg liitg
2

'RY; . Q.
+b—0 Re[zge gl +2¢ Im[k’q? m(”lzfq + T m(”1

+rgabm! ]+ 2q2yxRe[Z(‘;K+q]} : (3D

k ’Q
_2 _aE kbq* |z;|2 + (k + Keqz)|)¥;|2
— (\b5 Do

+ (ko + k2g®) Iml > + (ko + kg™ lig |

Q
+2¢1Im [(kf 2— 2—%) ﬁzl'lzq} +2q2nRe[zq/\q]} ;
(32)

where F, and F, are the undulation and peristaltic portions
of the total free energy, respectively.

In order to calculate thermal averages, it is convenient to
express the above equations in terms of matrices. Defining the
vectors

fu(q) = (Z:f7 ’/hllla )\'37 ﬁlJ_a Eq)5
fo(q@) = (zg. k. Ay mp), (33)
the two contributions may be written as

Fo=) (-0 @A (@),
q

Fo=Y hH- @B (q), (34)
q

where “®” denotes matrix multiplication. The matrices A and
B are given by

kbq* —iklq® v1q* 0 4>/ 2bg
ikbq® Ko +kig? 0 igQ/2bo
A=]| nd 0 ki + v2.q4* 0 0 , (35)
0 0 Ko + Kiwg> 0
q>Q/2by  —iq2/2by 0 ka/b}
ka  ¢°Q boa g2 L, 5
AT kgt Ik 2 0
bg bo +keq 2b; Ik.q 12Xl
gy g b2
B=| ", Tk Kotk 0 0 . (36)
e k. + v,.9* 0
0 0 Ko + kwq?

Downloaded 24 May 2012 to 38.107.179.220. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



244701-10  Watson et al.

Note that since
f Vi dr= [ (V.-m)dr=0
L2 L2

under periodic boundary conditions, two terms from Eq. (27)
do not appear in the Fourier representation. Consequently, one
cannot measure ¢y directly, but only the constant 2/by. To
measure ¢y independently, the membrane stress profile will
be used (see Sec. V).

Within our formalism the thermal fluctuations of several
previously unmeasured quantities may be calculated. In gen-
eral, when the free energy,

1
H = E;f(—q)em@ﬁ(q)

can be written in terms of a Hermitian matrix D, the fluctua-
tions satisfy>26>66

(f" (@) @ f(q)) = ksT 8¢ ¢ D",

which is simply a statement of the equipartition of energy
for the Fourier components of real-valued physical quanti-
ties. The full expressions for the thermal averages are given in
Appendix D. Most of the expressions are complicated. The
only simple ones are those of (|ﬁ&|2) and (|ﬁi|2):

Al 2 =12 kT

105 ) = 174 P) = 5o .
These quantities decrease on small length scales (increasing
q) due to the energetic cost of twist. Since the transverse con-
tributions are decoupled from the rest of the Hamiltonian in
Egs. (35) and (36), their thermal averages may be obtained by
inverting the corresponding matrix elements. Protrusions only
affect the measured tilt parallel to q (through VA®) and are
therefore absent in (|ﬁd‘|2) and (|ﬁd‘|2).

In the limit (kg — o0) the expressions for (|hq|2) and
(|tq|2) reduce to those given in BB, in which the lipids

J. Chem. Phys. 135, 244701 (2011)

were implicitly assumed to be normal to the interfaces (note
slight changes in notation). Additional limiting cases are dis-
cussed in Sec. III B. For systems where the coupling be-
tween protrusions and the monolayer surfaces is weak, the
general expressions may be greatly simplified (BB). It is well
established?®-39-3%:52-54 that the long wavelength height fluc-
tuations of a nearly flat bilayer at zero surface tension follow

kgT
hel?) = ——, 37
(lhql?) 2Kog? (37)

where K, is an effective bending rigidity. Expanding Eq. (D1)

around small g,
kgT 4o ( 1 )
2 (ke = vi/ks) ¢* a*)’

the form in Eq. (37) is recovered, but with a renormalized
bending modulus:

(Ihql?) =

K. = k(1 — y2/keky). (38)

As derived by Lipowsky and Grotehans,'! Eq. (38) shows that
protrusions effectively soften the membrane bending modes.
Note that K, remains positive only when y2/k.k; < 1, which
sets limitations on the relative magnitudes of the elastic con-
stants. The quantity yf / kck; represents the coupling strength
between protrusions and bending modes. In Sec. V, we find
that this quantity is sufficiently small to be neglected for the
systems we study.

A. Decoupled protrusion/bending approximation

The coupling between protrusions and bending may
be effectively turned off by setting the zf{)»fq and z A~4
terms in Egs. (31)and (32) equal to zero. The spectra then
become

gy = <27 ( SR — ) (39)
= 2 kg keq* (ki +1g?)’
kgT q2
1y =—=\—++— 1| (40)
B 2 \«o (k4 12q?)
knT 4(kbq* + 1
(|tq|2) _ 32 —— ( c4q Ke) - + p - (41)
AT AR (b_o + 4"9> q* + 433 (k2q” + k) (s +74%)
b4 _ Q4 | ki
T 4 (kcq — 24 —2) 2
(1547 = =5- — T “2)
Aicokbgt — 2 (% + 4/<9) q° + 433 (k2q® + k) (ks +724%)
. _ kgT
(1pg1) = (1pgl?) = : 43)

 2(kp + kewq?)
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Since the protrusion contributions are decoupled from the rest
of the free energy, the variances simply add and the expres-
sions become more susceptible to physical interpretation. The
expressions for height and thickness contain the protrusion
contribution,

kB—
2 (ki 4+ y29%)

Just as with the coupled expressions, Eqs. (39)and (41) re-
duce to the decoupled result in BB for k9 — oo.

The expression for (|/q|*) exhibits the well-known o< g~
behavior at low wave numbers. The second term in Eq. (39)
reflects the contribution of molecular tilt by means of the «¢
term in Eq. (28). After extracting the values of the elastic con-
stants from the simulation data, we found that the value of this
term was greater than or comparable to the g~ term at all but
the lowest simulated wave numbers. Excluding the protrusion
term, Eq. (39) has been derived previously (MNK).

Physically, the divergent behavior of (|hq|2) as g — Ore-
flects the fact that low curvature (long wavelength) deforma-
tions cost less energy than shorter wavelength deformations
(Eq. (20)). The amplitude of height fluctuations, therefore,
grows with system size. Since the deformation energy of a
free membrane is a function of derivatives in height, and not
the height itself, the point at ¢ = 0 is not relevant. However,
this is not the case for the other averages in E(ﬂs (40) (43)
Neglecting protrusions, the values of ( |tq (1p

(g1 =

LI,
{| ‘Hl ), and (| pq [2) at q =0 are determlned by thelr corre-
sponding moduli: k4 for thickness, and x4 for tilt.

The separate contributions of macroscopic tilt and pro-
trusions are easily identified for Egs. (40)—(42) as well. While
fluctuations in measured tilt are constant at long wavelengths,
the effect of protrusions becomes increasingly important at
small length scales. Since the measured tilt is a function of
gradients in the protrusion field (Eq. (10)), their contributions
to (|p4|?) and (| p4|?) are simply q*(|»5 ?), causing the tilt av-
erages to grow with ¢g. If protrusions were not present, (| p 2 al?)
and (| p4|%) would level out to kpT/2k 5.

Aside from the protrusion contribution, (| p 12 | ) is the only
average which is constant. This can be understood by exam-
ining the undulation portion of the macroscopic free energy
(Eq. (20)). Making the substitution w = V2z* 4 V - 1h, we
see that m becomes completely decoupled from the rest of
the Hamiltonian,

Foeo = Y _ Kol > + (o + g i) ling > (44)
q

The contribution parallel to q is independent of wave number
so that the corresponding macroscopic tilt average is given by

(Irig|?) = kT /2.
Even in the decoupled protrusion/bending approxi-
mation, the expressions for (|tq|2) and (|'”| )} are still

cumbersome. This is due to the fact that peristaltic
modes are out of phase deformations in which multi-
ple competing forces are involved. At long wavelengths
(|tq| Yy — kg T(b /2ks + 1/2k;), reflecting the energetic cost
of pure stretching/compression. In the simulation section we
find that k; >> ka /b3, so that (|tq]?) oc 1/k4 for g — 0.

J. Chem. Phys. 135, 244701 (2011)

As shown in Figs. 9 and 10, both (|z4|?) and (| 54|?) be-
have non-monotonically for the cases of the two bilayers we
simulated. The non-monotonicity in the thickness fluctuations
may be understood in terms of the peristaltic portion of the
macroscopic free energy (Eq. (19)) in the absence of symmet-
ric tilt,

fp(Z_a m= O)

= "—gmz F RV 4 UV + R

b§ bo
For periodic boundaries, the linear term containing ¢y will
not contribute to the free energy. Assume that the deviation
in thickness is given by a single wave: z~ = Bcos(q - r). If
2 > 0 the cross term will have a negative value, so that a cer-
tain intermediate wave number (0 < g < oo) will yield the
lowest free energy value. For both of the membrane systems
we analyzed, we found © > 0, explaining the peak in (|¢4]%) in
Figs. 9 and 10. A similar argument can be made to explain the
dip in (| 54/

In the long wavelength limit, all four tilt averages are
equal to kgT/2ky, corresponding to pure tilt deformations.
In this limit, our expressions reduce to the value derived
in MNK, in which a constant value was predicted over all
wavelengths. At short wavelengths both (| '"| )y and (| AH| )
are larger than their ¢ = 0 values due to the amplifying ef-
fect of protrusions. In the regime k4 — oo, k; — 00, and
Kew — 0, ﬁ(ll is decoupled from the thickness, and the four
tilt averages would be equal to the result from MNK. By
including the effects of protrusions, peristaltic modes and
twist, we will show that our model reproduces the correct
wavelength dependence of the tilt spectra measured in our
simulations.

B. y. = 0 approximation

For certain systems, it is possible to make the further
approximation that the protrusion contribution to the free
energy is purely due to Gaussian white noise. By neglect-
ing the microscopic surface tension (y; = 0), Eq. (25) then
becomes

£ =IO+ 0.

In this case the coupling between bending and protrusion
modes is not just weak, but entirely non-existent. In Sec. V,
we find that Egs. (39)—(43) with y, = 0 fit the data very well.
In other words, invoking a microscopic surface tension is un-
necessary in order to explain the simulation data, as long as
the tilt degree of freedom is taken into account.

IV. SIMULATION DETAILS
A. Implicit solvent model

A previously developed implicit solvent coarse-grained
lipid model® (CG) (Figs. 5 and 7) was implemented within
LAMMPS.%7 A few minor modifications to the original model
had to be made to make this implementation possible. The
original rigid bonds were replaced by stiff harmonic bonds
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FIG. 5. Snapshot from our implicit solvent model (CG). Each lipid consists
of five beads (see Fig. 7).

Up(r) = kp(r — 0)?, with ky = 5 x 103e/5? (see Goetz and
Lipowsky® for a rationale). Another difference with the orig-
inal model is the truncation scheme for all non-bonded po-
tentials (Ucore, Utail, and Ujpye): here we used the same cutoffs
as in Brannigan, Philips, and Brown,*> but employ a third-
order polynomial force switching function® with a switching
region of 0.5 A. All pairwise potentials were tabulated on a
dense equidistant radial mesh, with a mesh spacing of 0.01 A,
and linear interpolation was used to calculate the energy and
forces. The pairwise neighbor list was created by binning®’
along with a “skin” distance of 1.5¢0 and updated every time
step after a delay of 10 steps after the previous build, but only
if a bead has moved more than half the skin distance.

Dynamics trajectories were generated within the isobaric
zero pressure ensemble corresponding to a zero surface ten-
sion simulation’’ for a square bilayer patch composed of
N = 3200 lipids and L ~ 30 nm (Fig. 5) in an orthorhom-
bic simulation box. The initial geometry was constructed by
placing the lipids laterally on a equidistant 40 x 40 square
mesh with grid spacing of ¢ in each dimension, followed
by equilibration. The time scale of the present model was
chosen as T = (mo?/e)"’> >~ 3 ps, with all beads having the
same mass m. Temperature was controlled via a Langevin
thermostat with damping parameter of 0.12 ps; as in BB, all
simulations were performed at 7 = 0.85¢. To maintain the
tensionless state of the bilayer, a Nosé-Hoover barostat with
damping parameter of 1 ps was used to control the lateral
pressure tensor components Py, and P, at a zero target pres-
sure, preserving the square shape of the simulation box while
the box size in z direction was kept fixed. The equations of
motion were integrated with a time step of §+ = 0.0027, and
system coordinates, or “frames,” were saved every 2 X 10*
time steps for analysis.

The stress profile across the bilayer (Fig. 6), which
is given by the difference between the normal and lateral
pressures,

1
5(2) = P2(z) — E[Pxx(z) + Pyy(2)] (45)

was calculated according to the scheme in Lindahl and
Edholm.”” We used an off-the-shelf implementation of this
algorithm from the NAMD molecular dynamics simulator.”®
A trajectory was first generated for a bilayer of 128 lipids,
removing possible center-of-mass drift. Then, the trajectory
was post-processed using NAMD, dividing the simulation box
along &, = (0, 0, 1), with L, = 200, into 100 slabs of equal
thickness. Within the NAMD pressure analysis package, the
Harasima’ convention was used for calculating the stress
profile.

J. Chem. Phys. 135, 244701 (2011)
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FIG. 6. The stress profile within the bilayer for our implicit solvent model
(CG). The troughs at 3 nm represent the repulsion between the head beads,
while the peaks at £2 nm are due to the strong attraction between interface
beads.”! The monolayer spontaneous curvature ¢ is related to s(z) through
Eq. (47). The stress profile we measured for the MARTINI model of DPPC
is the same as in the original paper.’

B. MARTINI force field model (DPPC)

We also simulated the coarse-grained MARTINI
model®>3® for DPPC and explicit water. As shown in Fig. 7,
each lipid is modeled with 12 beads. The simulations were
run within the GROMACS package.”””7 The temperature
and pressure were maintained at 325 K and 1 bar using
the Berendsen coupling scheme (Fig. 7). A vanishing surface
tension was maintained semi-isotropically, in which the
pressure coupling is isotropic in the x and y directions, but

=1 Hydrophilic Head
Interface Beads

Hydrophobic
Tail

CG Model

DPPC Model

FIG. 7. A schematic diagram of the force fields used in the two lipid sys-
tems we studied. We also illustrate how the director @® is measured within
each model. Note that for visual purposes fi® is not normalized. Left: Our
implicit solvent model (CG). Each lipid consists of a hydrophilic head bead
(green), an interfacial bead (orange), and three hydrophobic tail beads (gray).
Though the potentials were designed to mimic generic intermolecular forces,
no explicit electrostatic interactions are present. fi¥) points from the inter-
facial bead toward the last tail bead. Right: For the MARTINI force field
(DPPC), each lipid consists of a positively charged bead representing the
choline group (red), a negatively charged bead representing the phosphate
group (purple), two beads of intermediate hydrophobicity representing the
glycerol ester linkage (green), and two chains of four hydrophobic beads
each, representing the hydrocarbons (brown). The charged beads interact via
a shifted Coulombic potential energy function.> @ points from the mid-
point of the interfacial beads toward the midpoint of the last tail beads.
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FIG. 8. Snapshot from the MARTINI force field model of DPPC. Each lipid
consists of 12 beads (see Fig. 7). Solvent particles are not shown.

adjusted independently in z. Periodic boundary conditions
were used in all directions.

A self-assembled bilayer patch with 128 lipids was ob-
tained from the MARTINI-related web resource.”® The size
of the patch was then increased by a factor of two in the lat-
eral directions by replicating the membrane. The equations of
motion were integrated with a time step of §¢ = 0.04 ps. After
an equilibration time of 500 ns, the replication process was
repeated again with an additional equilibration time of 1 us.
This resulted in a system with N = 2048 lipids spanning a
square L ~ 25 nm in width, surrounded by 32000 water beads
(Fig. 8). A production run of 2.4 us was simulated, over
which the system coordinates were saved for analysis every
25000 steps.

The stress profile was measured for the 128 lipid system
using an add-on to the GROMACS package,”® which uses the
technique described in Lindahl and Edholm’? along with the
Irving-Kirkwood®® convention of contour choice. Though the
stress profile calculation for CG employs the Harasima’* con-
vention, it has been shown that the contour choices of both
Irving-Kirkwood and Harasima yield consistent results for
planar bilayers.®!

V. COMPARISON TO THEORY

As described in Appendix C, the thermal fluctuations
were analyzed by mapping the positions and orientations of
the molecules onto a square M x M lattice. The location of the
polar/non-polar interface on each lipid, or “interface point,”
was chosen according to the force-field scheme of each
simulation. For CG, the interface point was the location of
the interface bead. For DPPC, the midpoint between the two
beads of intermediate hydrophobicity was used. In order to
measure the tilt of a given molecule, a director pointing from
the interface point along its length had to be defined as well.

J. Chem. Phys. 135, 244701 (2011)

The director of each molecule was assigned by drawing a
normalized vector pointing from the interface point to a “tail
point,” which represents the end of the molecule (Fig. 7). The
choice of this location for CG was that of the fifth bead. Un-
like CG, more choices are available for the DPPC lipids. We
chose the midpoint between the beads at the end of each hy-
drocarbon chain. The exact choice of the tail point and its
effect on the tilt spectra were explored in MNK. It was shown
that the tilt spectra have nearly the same shape as a function
of g, but are shifted by a relative magnitude of less than 10%.

For each simulation, six data sets were collected in our
fitting procedure:

S = {(hql?), (I1?), (15 1), (15g ), (1D41%), (15417}

We first obtained values for xy and ky, by fitting the spec-
tra for (|ﬁé‘|2) and (|ﬁ&|2) to Eq. (43). We then fit the
remaining data sets to Egs. (39)—-(43) with y, = 0 using
{ke, ka /bz, Q /by, k,} as free parameters. In contrast to BB,
all spectra were fit on linear, rather than logarithmic scales so
that the small tilt averages were not highly weighted. Due to
the equal lattice spacing in the data as a function of q, there
exist more data points at higher wave numbers when the mea-
sured spectra are plotted as a function of g. As a result, we
found that the fits were biased towards the high ¢ data, giving
rise to a lower value of k4 than the low g data would predict.
We therefore used only data points located on the g, and g,
axes.

Our curve-fitting algorithm is similar to BB, but with up
to four simultaneous fits instead of two. The sum of the resid-
uals x2 was minimized:

n

X2 — Z Z (Srmeas. _ Sr)2 ,

r=1 q

where $7* represents actual data points and n is either two
or four. The best fit constants, along with their 95% confi-
dence intervals, are listed in Table III. The confidence inter-
vals were obtained using the bootstrap method.®? This method
requires minimal knowledge of the errors associated with
each data point, because it uses the distribution of the data
points themselves to estimate error (see BB for more details
on our implementation of the bootstrap method). Since the
fitting algorithm is based on nonlinear least squares, the best
fit value does not necessarily lie in the center of the interval.

TABLE III. The material parameters for our coarse-grained implicit solvent model (CG) and the MARTINI force field simulation (DPPC). The values of
{kx, ke, ka /bz, Q /by, kg, kw} are the best fit values to the thermal fluctuation spectra. The 95% confidence intervals are written in parenthesis. The monolayer
thickness by for CG and DPPC is 2.4 nm and 1.8 nm, respectively. A value of k4 was also extracted by measuring the variance in the simulation box size,
Eq. (46). All constants are defined with respect to the monolayer and ¢ is defined as the monolayer total spontaneous curvature. Care must be taken when
comparing these quantities to earlier studies where conventions sometimes differ (see Table II for a discussion of the conventions used in BB). ¢ was calculated
by using the best fit value for k. combined with the first moment of the stress profile, Eq. (47).

k;. ke A Q Ko Ktw co

10-20y —20 10-20y 10~205 10-205 —20 -1

System Method (1) (107207 (1) (12) (22) (107207 (nm~")

CG Spectra 20(19-23) 16(15-21) 19(14-22) 16(13-22) 2.6(2.5-2.6) 1.1(1.0-1.1) 0.10
Area Fluctuations

DPPC Spectra 43(40-44) 6.7 (6.6-11) 26 (20-27) 9.9(0-11) 5.4(5.3-5.4) 0.77(0.72-0.80) —0.02

Area Fluctuations
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FIG. 9. Height (|2, thickness (|tq %), and tilt (IpL12), (5L %), (IP4I).

(| ﬁﬂ\z) fluctuations for the CG model. Simulation data are displayed as cir-
cles. The data points used for the fits (black) are evenly spaced along the g,
and gy axes. Data points which do not lie on the axes are shown in orange.
The solid curves represent best fits of the data to Egs. (39)—(43) with y, = 0.
Fit parameters are listed in Table III. (\hqlz) is also plotted on a semi-log scale
in the inset. Dashed curves correspond to the protrusion-free limit by using
Egs. (39)—(42) and the same values in Table III but with k; — oco. While
only a small contribution to the height and thickness modes, protrusions are
essential for explaining the qualitative behavior of (| ﬁ(‘i 12) and (| ﬁ(‘i 12).

The low-q data for (|hq|2> thus highly weights some of the fit
parameters toward one side.

The average monolayer thickness by was measured by
calculating the mean bilayer thickness at each time step, av-
eraging over all frames, and dividing by two. The values for
CG and DPPC are 2.4 nm and 1.8 nm, respectively.

The thermal fluctuation spectra for both simulations are
shown in Figs. 9-11. The data from CG and DPPC are in
qualitative agreement with each other and both models are
in excellent quantitative agreement with our analytic model.
We also examined the behavior of the cross terms (/4 ﬁ[q)

and (tq ﬁ[q) in Fig. 11. Both the theory and simulation data
show that these spectra are purely imaginary. Despite the fact
that these data sets were not part of the fitting procedure, the
curves match the data quite well.

In MNK, the tilt fluctuations within a single monolayer
were measured but could not be quantitatively explained.
Within our model, the monolayer tilt spectra averaged over
all directions (as measured in MNK) (|n~151°’)|2) are naturally
expressed by adding up the separate contributions of the
measured peristaltic, undulation, longitudinal, and transverse
modes:

1
(1) = 2 ((Pg P+ (1Bg )+ 1RGP + (1P4P) -

J. Chem. Phys. 135, 244701 (2011)
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FIG. 10. Fluctuations and fits to the DPPC model. See Fig. 9 for details.
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FIG. 11. Though not used in the fitting procedure, the data for (hqﬁ!q),

(tq ,ﬁ[q) and <|n~1§1°’) |2) agree with the theoretical predictions very closely. Both
the theory and data show that the fluctuations in the cross-terms are purely
imaginary. This may be understood mathematically since [3(”1* =— [ﬂq and

h; = h_q and similarly for the peristaltic term (see Sec. III). The monolayer

tilt averaged over all directions (|m£1a) |2) is also plotted in MNK.
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In Fig. 11, we plot the measured values of (|n~1g") ) along with
the theoretical prediction. Again the agreement is very good.

The values of k4 and k. obtained from the fits may be
compared with previous measurements. In BB, fitting the
height and thickness spectra gave k4 = 35 x 1072° J/nm?.
However, we believe our current value of k4 as obtained by
fitting the spectra to be more precise since the theory and sim-
ulation values closely match at g = 0.

The area compressibility modulus may be extracted by
measuring fluctuations in the box size®’

ksT _ [(L — Lo)*
T <—L2 > (46)

The corresponding values are listed in Table III. Within er-
ror bars, the value for DPPC agrees with the value obtained
by fitting the spectra. Using the same MARTINI force field,
a value of k4 = 37 x 1072 J/nm? was found by measur-
ing the slope of a stress-strain curve.3* For CG, there is a
larger disparity between the values of k4 as measured through
Eq. (46) versus spectra fitting.

For both systems, the difference between the two mea-
surements may stem from two issues. The value of k4 as de-
termined by box size fluctuations depends on the size of the
system.*>»8 The discrepancies may also be rooted in our as-
sumptions about volume conservation (BB). Real lipid sys-
tems are not strictly incompressible, so that Eq. (A5) is only
an approximation. Though the portion of the theory involv-
ing thickness fluctuations is still correct, the k4 prefactor
of the (z7)? term in the Hamiltonian should not be called
the area compressibility modulus, but really the thickness
modulus.

The most commonly measured parameter is the bending
rigidity k.. Though our CG simulation is nearly the same as
in BB, the value we find for k. is larger than previously in-
ferred (kg?nonolayer =7x10727) by a factor of two. The dis-
crepancy is not due to differences in the simulations; the data
from the present simulations is very nearly identical to that
obtained in BB (for those quantities measured in BB) and it
was verified that fitting the new data as prescribed in BB re-
produced the previous results. The discrepancy is due to the
fact that our simulated membranes are too small for (|, 12 cas)
to reach the asymptotic ocg™* regime over a large range of
wavevectors. Discrepancies in the functional forms used to fit
the data (compare BB to the present theory) yield significantly
different “best fits” for k. when the available data is limited
to short and intermediate length scales. This effect was also
noted in MNK. A similar outcome is present, though less se-
vere, for DPPC. The monolayer bending modulus has been
measured as 4 x 10720 J by fitting the height fluctuations to
Eq. (37).%* For the same system, k. = 6 x 1072° J was also
calculated by measuring the system size-dependent value of
the area compressibility modulus.3*

Knowing the bending modulus, we can calculate the
value of the monolayer spontaneous total curvature ¢y as an
integral over the bilayer stress profile:%

1
ko =~ / $(2))2] dz, 47)

J. Chem. Phys. 135, 244701 (2011)

where the integration is over the entire bilayer, centered at
z = 0. It should be noted that the profile obtained in this work
(Fig. 6) is qualitatively different than that reported in the orig-
inal study of the CG model* due to our adoption in this work
of a commonly employed definition for the pressure tensor.
The original definition was not standard and was chosen for
convenience in dealing with the rigid constraints employed in
the original version of the CG model. Though the microscopic
definition of the pressure is not unique®® and depends on the
choice of the integration contour, Sonne et al.®! have shown
that the two conventions used in this paper yield consistent
results for planar bilayers (see Sec. IV B). The values of ¢
are given in Table III. The value of ¢( for CG is smaller than
the previous value®’ by a factor of two since our new mea-
surement of &, is twice as big. The differences in shape of the
stress profile between CG and BB, as mentioned above, do
not contribute significantly to the disparity in ¢y between the
two studies.

Experimentally, the spontaneous curvature of DPPC is
very small and difficult to measure. Our measurement of ¢
falls within the range reported in the original MARTINI study
of DPPC.>

For each system, the distance d from z™ to the neutral
surface of each monolayer may be determined from Eq. (23).
Using the values from Table III, we find d/by = 0.68 and
d/iby = 0.60 for CG and DPPC, respectively. These num-
bers lie within the range of values required to explain
the membrane dynamics observed with neutron spin echo
spectroscopy.®®

In terms of protrusions, the y, = 0 approximation
fits the data quite well. When fitting the CG data to Egs.
(39)—(42) while allowing y; to vary, its optimal value was
nearly zero already. This result was not necessarily im-
plied by the fact that our CG model does not contain
explicit solvent. As described by Brannigan, Philips, and
Brown,® solvent effects are captured by incorporating a
strong attraction between interface beads, which serves to
mimic the hydrophobic effect (see Fig. 6). Fitting the DPPC
data resulted in values of y, = 2.3 x 1072 J/nm? and
k, =26 x 1072 J/nm* along with the other constants being
same as those in Table III. The resulting curves were nearly
identical to those shown in Figs. 10 and 11. Fixing y, =0
required that k, = 43 x 1072° J/nm* in order to maintain the
best fits to the tilt fluctuations parallel to q.

The individual spectra for p and p have not been previ-
ously measured. Though obtaining the normals to each sur-
face required manipulations in discrete Fourier space, we
found the tilt spectra to be only weakly dependent on the
grid size. As expected, the behavior of (| py|*) and (| pg |*) re-
mains the same on length scales below the bilayer thickness.
As shown in Figs. 9 and 10, a finite value of k; is needed to
explain the rise in (| ﬁ(|i|2) and (| ﬁ(‘“z) as ¢ increases.

As mentioned earlier, the tilt modulus of a lipid mem-
brane has only been indirectly determined experimentally.
From the DPPC data we find x4y = 5.4 x 1072° J/nm?, in
good agreement with the value obtained by MNK (kg = 5
x 10720 J/nm?) (though the same MARTINI force fields were
used, the small difference may be due to a number of details
related to the simulation setup and curve fitting method). The
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value 5 x 1072° J/nm? is roughly equal to the surface tension
between hydrocarbons and water.

Intermonolayer coupling may be investigated by compar-
ing the values of the undulation and peristaltic tilt modes at g
= 0. If coupling were present, fluctuations in the tilt undula-
tions (| 131“2), (| ﬁjlz) would be different from those of peri-

staltic tilt (| p4[2), (| Py |?). Since they are virtually the same at
q = 0, the effect of intermonolayer coupling is negligible.

To our knowledge, this is the first time the twist mod-
ulus of a membrane has been measured in terms of simu-
lations or experiment. For both CG and DPPC, its value is
small compared to k., which is consistent with qualitative
predictions.!’

VL. CONCLUSION

Starting from a physically motivated model for the mem-
brane deformation energy, we derived expressions for the
thermal fluctuations of several quantities involving height,
thickness, and lipid orientation. These expressions were found
to be in excellent agreement with molecular simulations over
both the macroscopic and protrusion regimes.

Analyzing the thermal fluctuations in terms of longitu-
dinal and transverse modes allowed us to individually probe
the nature of two new effects. First, we showed that twist de-
formations are indeed present, whose energetic cost is on the
order of a few kgT. Second, the analysis demonstrated that the
measured tilt vectors are affected by gradients in the protru-
sion field.

We have found that modeling protrusions as harmon-
ically constrained fluctuations at the lipid/water interface
quantitatively describes the simulation data. For the systems
we studied, it was found that the protrusion-related surface
tension y; could be approximated as vanishing, meaning that
protrusions could be modeled with just one parameter: k;.
Within the y, = 0 approximation, our predicted fluctuation
spectrum resembles expressions from previous models'#* in
which y, # 0 but no tilt is present. This may be understood
by examining the height spectra. In BB, the expression for
(lhql|?) in the decoupled protrusion/bending regime is given
by

kgT ( 1 1 )
hgl*) = + :
Aol = =5 keq* (ki + viq?)

which accurately accounts for the non-g~—* behavior. With
¥, = 0, our model predicts

kpT [ 1 1 1
hl) = 2 — + — + — ).
el == <kcq4 +K0612 +kx>

Here, it is the coupling between height and tilt fluctuations
which gives rise to the non-g~* behavior. For the systems we
have studied, both expressions fit the data very well down to
length scales of a few nanometers; it does not seem possible
to validate one model over the other solely on the basis of the
simulated height fluctuation data available to us. Neverthe-
less, we believe that Eq. (39) is preferable to the expression

J. Chem. Phys. 135, 244701 (2011)

in BB, due to the underlying physical motivation based on
molecular tilt and the fact that the tilt modulus x4 appearing
in Eq. (39) is consistent with the value extracted from the tilt
fluctuations for both systems we studied.

We briefly mention that an interesting recent paper by
Brandt and co-workers®® suggests an alternative method to
analyzing bilayer simulation data, quite different from that
employed by us and detailed in Appendix C. The method pro-
posed by these workers is based upon a “direct” analysis of
the simulation data in Fourier space, without interpolating the
lipid positions to a real-space grid. Although both method-
ologies produce similar results in the small ¢ limit, at inter-
mediate g values the method from Brandt et al. yields spectra
without any signature of 1/¢> contributions to the height spec-
trum (|hq|2) (both for the systems studied in that work and
we have verified similar behavior using their methods in the
analysis of our simulations). We have no explanation for these
results at present. The real-space analysis employed here (and
by other workers previously) appears consistent with the the-
oretical predictions. The direct Fourier method of Brandt
et al.%® does not appear to be consistent with our theoretical
results.

Though our model takes the overall orientation of the
lipids into account, it does not contain information about the
relative positions of the two hydrocarbon tails. For example,
each DPPC molecule may be also characterized by a vector
pointing from one tail to the other, so that viewed from above,
the membrane consists of a collection of ellipses rather than
circles. Though this level of detail was not required to explain
any of the observables for DPPC examined here, the tail-tail
orientation may be important for building a more comprehen-
sive model for membrane structure in the future.

By incorporating the effects of molecular orientation, this
model is considerably more general than our previous one
(BB). However, the number of additional material constants
is minimal. In the earlier theory, five moduli appeared in the
Hamiltonian: {k., ka, ¢, kx, ¥ }. Our current model includes
the added orientational parameters kg and k. For the two
lipid systems we analyzed, it was found that neglecting sur-
face tension contributions to the protrusion energy (v, = 0)
resulted in excellent agreement with the data, reducing the
size of our parameter set to six. Excluding the completely new
effect of twist, whose modes are decoupled from the rest of
the free energy, our model for CG and DPPC contains exactly
the same number of parameters as before: {k., k4, 2, k;,kq},
yet provides predictions for a completely new class of observ-
ables related to molecular orientation.
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X1, X7, X3, and X4.
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APPENDIX A: VOLUME AND AREA ELEMENTS

Here we derive general expressions for the effective
thickness g£§1 ), interfacial area per molecule £, and head
group area per molecule E,(f) up to quadratic order.

The effective thickness g{f‘ ) is needed in Eq. (14) in or-
der to convert an integral over lipids into an integral over
area. gif‘ ) is also used for deriving general expressions for
@ and %\*. For the top layer, vdn = dv() = g\ dr,
where v is the volume per molecule and dn‘" is the number of
lipids whose projected polar-nonpolar interfaces are located
within (x, y), (x + dx, y), (x, y + dy), and (x + dx, y + dy)
(Fig. 12). For quantities g(x, y) evaluated at (x + dx, y), we
take g(x + dx, y) ~ g(x, y) + 0g/0ox|,dx and similarly for
(x,y 4+ dy) and (x + dx, y + dy). We discard all terms contain-
ing (dx)? or (dy)>.

The region dV'" may be decomposed into five tetrahe-
drons. A tetrahedron has four vertices, four faces, and several
standard volume formulas. We describe each tetrahedron by
its vertices: (X5, X1, X7, Xg), (Xg, X4, X¢, X7), (X2, X¢, X4, X1),

T@ %) b —by N b — b\ b
>0 bo

bo

This is the equation of state of a single molecule, which gives
the relationship between the variables {Z®, b©@ m® n@)}
under the assumption of constant lipid chain volume. It gener-
alizes Eq. (6.19) from Safran,®® which relates the chain length
to the mean curvature H and Gaussian curvature K assuming
Y@ = %5 and m® = 0. Under these conditions, Eq. (A5) re-
duces back to Safran’s result using the second-order approxi-
mations 2H =V - Nand K = det(dN,/0ry).

The area per molecule within the head group region Z,(f’)
is calculated as follows. Here we again refer to the upper

b} 1 b2 n'®
—vV.-n® + 2V .n®)2 + —im@?2 — 20 det .
2 5 L ™
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(X3, X7, X1, X4), and (X1, X4, X7, Xg). The volume of a tetra-
hedron with vertices located at (X4, Xp, X¢, Xp) is given by

1
V= E(Xc —X4) - [(xp —x4) X (xXp —x()].

The expression is positive as long as X g, X¢, and X p, are ori-
ented counterclockwise as viewed from x 4. This method is
accurate up to quadratic order:

g{f‘ ) b —by by

=1 2V . n@ b(a)_b Vv . n@
be + b +2 n“ 4 ( o)V -n

1 B @
- E|n<">|2 + ?0 det | - ) + n® . vz®. (Al
k

This result is an extension of the expression for g$‘ ) given by
May and Ben-Shaul.?! The final term takes the gradient of the
“anchoring” surface into account, which was originally as-
sumed to be flat.>! When Vz®@ = 0, Eq. (A1) reduces back to
their result with the exception of the prefactor of the saddle-
splay term. The previous study contained a factor of 1/2 in-
stead of 1/3. This discrepancy appears to be the result of a
small error in the expression for “ dV” within the appendix.?!
The quantities g{f‘ ) can be used to calculate the area per
molecule at any surface. Up to second order, the infinitesimal
area of the top surface shown in Fig. 12 is
dA®@ = {1 + %(Vz(‘”)z} dr = g\ dr. (A2)
In order to express Egs. (Al)and (A2) in terms of m®, we
demand that the vectors b®'n® extend from z® to z™. For

the top monolayer, this implies
20—z = pOp® . (v, 1), (A3)

Expanding Eq. (A3) up to second order gives the useful
relation

ImP> =n . " —2vz"™ —2vH V) + (VD). (Ad)

Using the second-order expressions for gi}x ) and gﬁf‘), the area
per molecule dA®/dn® reads as

(A5)

monolayer. The distance ¢, from the polar-nonpolar interface
to the head group is assumed to be constant. Just as the vectors
bPn® extend from z( to z™ (Fig. 13), the vectors —£,n"
extend from zV to the head group surface (Fig. 14). In the
infinitesimal limit, the points (X9, X9, X11, X|2) are coplanar.
The area of the corresponding quadrilateral is given by

1
A= §|(X9 —X11) X (X0 — X12) |.
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FIG. 13. The infinitesimal volume element dV{D. The bottom vertices
(X5, X6, X7, Xg) are located at the end of the lipid tails whose polar-nonpolar
interfaces lie at (X1, X7, X3, X4), respectively. For graphical clarity we write
¥ =x+dxandy =y +dy. z1) is shown in green.

Up to quadratic order in Vn® and Vz®, the infinitesimal area
element is
dAyY = gdr
n(_a) 1
=1 -6,V -n@ 4 det | =L | + =(Vz9)* | dr.
Brk 2

(A6)

This expression generalizes the second-order result for par-
allel surfaces,% in which n® = N@, Using Egs. (A1) and
(A6), the head group area is given by

)y b —b b
%=1+—0+<—°+eh>v-n@
Eha by 2

b@ — by
+ (bo + £1) (b—) V-n® 4 ¢2(V-n®)?
0
(@)
1 b2 on;
(@)(2 0 2 J
— —|m + | — —¢; ) det . A7
2| | ( 3 h) ( ore (A7)
O
> %11 RSP
- D)
~ 210 ,;\\/
0 T < S
X Y ogts c »o
- T
e o R
=, z1 =

FIG. 14. —£;nD extends from z(") (green) to the head group surface
(yellow). The coloring corresponds to Fig. 3.

J. Chem. Phys. 135, 244701 (2011)

To derive Eq. (12), Egs. (AS5)and (A7) are substituted into
Eq. (11), followed by using the first order version of Eq. (AS),

b@ — by

by 2o

(@) _
2 b

to express the quadratic contributions containing (b@ — by)
in terms of (@ — ;) and V - n®. The elastic constants in

Eq. (12) are related to the microscopic parameters in Eq. (11)
through

YL
A — ‘yj‘ EO E)

B
Ko = Vs — E—S,
B b}
kE = — (202 — €,by — B2) + b2y, <1+ 0 )
KBy = Bl byt bglet

% %

=B o by +
n = 0 0 h 0Vs Eo’

B (b2 bty
ke = — [ 20— p2 ) - 2075
T2 (3 h) 3

The first two expressions are identical to those given by
May.??> Due to different conventions, the expressions for all
elastic constants involving curvature are not the same. For
kf, kf.: co, and u, these differences originate from two sources.
First, we expressed the free energy per molecule in terms of
Y@ rather than 5. This leads to a renormalization of the
prefactors involving V - n®. Second, the geometries are de-
fined in terms of different surfaces. Our director field points
from z® toward the membrane interior, as opposed to point-
ing outward from the midplane. Within each convention, E,(f‘)

and El.(a) depend on the effective curvature of each corre-
sponding director field a different way. Despite the issues con-
necting our parameters to a specific microscopic model, the
functional forms of Eqgs. (AS5)and (A7) are identical to those
in May.”

Within our formalism, the director field may also be de-
fined with respect to the midplane. Expressing the free energy
per molecule in terms of b, the expressions for the elas-
tic constants may be shown to exactly match May’s.>> For
the upper monolayer, this may be accomplished by effectively
flipping Figs. 12 and 13 upside-down, so that (x|, X7, X3, X4)
are located within the midplane, while (xs, X¢, X7, Xg) be-
long to the polar-nonpolar interface. We may define v dii)
=dV® = g{V dr, where dii" is the number of lipids whose
chain ends are located within the area element dr. The ex-
pression for gS ) is identical to Eq. (A1) but with nD replaced
by 1V, the director field extending from the midplane. The
factor g;” may be found by calculating the area of the quadri-
lateral formed by (xo, X190, X11, X12):

(A8)
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L (1)
1 i
Zn, = 1 5 (V2P 4 o+ ) V50 + VOB — bo)] + (o + €4 det ( r )

This expression is a further generalization of Eq. (A6) since
the distance between the midplane and the surface formed

by the heads is allowed to vary. We may easily obtain gﬁj}

from Eq. (A9) by setting £, = 0. Calculating E,(ll) and E;l)
in terms of gS ), gijh) , and g;{? and plugging them into Eq.
(11) yields the same expressions for the elastic constants as
those in Ref. 22 (noting the prefactor issue mentioned after

Eq. (A1)).

APPENDIX B: COMMENTS ON THE TILT
FREE ENERGY

In terms of the microscopic parameters given in Eq. (11),
the tilt modulus may be written as (see Eq. (AS8))

B B 2b()'[

— = (b — 0, Bl
F 20(o ) (B1)

Ko = Vs —
where the second equality follows from the equilibrium con-
dition mentioned under Eq. (12). From Eq. (B1), we see that
if bg = £, or T = 0, it follows that kg = 0, meaning that the
energetic cost of tilt deformations originates from the chain-
stretching term in Eq. (11). Though not present in the original
opposing forces model,'> May and Ben-Shaul included the
third term in Eq. (11) in order to account for the energetic
cost of tilt.”!

From Egs. (A8)and (B1), it can be shown that the ma-
terial constants are expected to obey certain inequalities. For
monolayers in which m® = 0 is the preferred orientation, it
is required that by > £, in order for xy > 0. Otherwise, the
lipids would find tilting away from the surface normal to be
energetically preferable to alignment with the surface normal.
Also, k4 > 2ky and kg < y, from Eq. (AS).

Compared to curvature, the tilt term in our macroscopic
Hamiltonian is less cumbersome when switching between dif-
ferent sets of variables. Though the free energy in Eq. (13)
was written in terms of {Z¥®, V . n®, m®)}, it may be ex-
pressed in terms of {®, V - n®, m®} using Eq. (A5),

F@ ke (D@ —bo\® (kS b kb2
f 4 g% + L_Oi“_i_ A% (V.n(a))z
o 2 by 2 2 8
kb b _p
+k§COV . n(a) + ﬁ — U 70 V. n(ol)
2 bo
n %9|m<">|2 + K%(v x m@)?. (B2)

While the coefficient of the (V - n)? term has become renor-
malized, the coefficient of the tilt term is unchanged since
Im®| only enters Eq. (A5) at second order. Hence our model
contains only a single tilt modulus that appears in both rep-
resentations, but fwo different curvature moduli, {k%, kZ} (see
Sec. II B). Similarly, the model contains only a single twist
modulus.

Though no direct experimental measurements of «, are

available so far, Hamm and Kozlov estimated a value of

J. Chem. Phys. 135, 244701 (2011)

(A9)

~

Tk

ko = 4 x 1072° J/nm? based on experimental data related
to the temperature-induced transition of dioleoylphospho-
ethanolamine (DOPE) between the lamellar L, and inverse-
hexagonal phase Hy;.>"

In addition to the “elastic” model of tilt presented here
and in Refs. 14, 21, 22, and 30, purely entropic effects have
also been discussed.” Including these contributions to the
free energy results in a renormalization of the tilt modulus
while leaving the rest of the Hamiltonian unaltered. Since
the individual effects cannot be easily separated in terms of
molecular simulation analysis, we consider the «y appearing
in our theory to reflect a combination of elastic and entropic
effects.

APPENDIX C: NUMERICAL DISCRETIZATION
PROCEDURE

All quantities are discretized onto a square M x M grid in
the bilayer plane (x, y) where M = 18. Here, (x,, y¢, z¢) refers
to the position of the interface point of the £th lipid and fi,
is the unit vector pointing from (x,, y¢, z¢) to its correspond-
ing tail point. The choice of how the interface points and tail
points are defined for each lipid model is described in Sec. V.

The discretization procedure consists of the following
steps:

(a) Determine the mean z-coordinate of all interface
points: Z = & S0, 2.

FIG. 15. Schematic of lipid assignment to a M x M grid. Filled circles rep-
resent lipid interface points (brighter: lipid in the lower monolayer; darker:
lipid in upper monolayer). The highlighted square is an example of a patch
that does not contain lipids in the upper monolayer (n(jlk) =0).
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(b) Divide lipids into upper and lower monolayers on the
basis of Z:

upper monolayer : z; > Z

lower monolayer : z; < Z.

Once the lipids have been assigned to each monolayer, they
are analyzed separately in the following steps.

(c) Assign lipids to a grid (Fig. 15). The fth lipid
is assigned to the patch with indices (j, k), where
J» k=0...M — 1 based on the xy-coordinates of its interface
point according to the expression

(J:k)e = (LxeM/L], LyeM/L]J), (CDH

where |... ] is the floor function. Assigning the average height
of each patch to its lower left corner rather than its center
amounts to an overall translation, which has no effect on the
measured spectra in Fourier space (please note that the indices
j and k in this appendix hold a different meaning than that
introduced in Sec. II A).

(d) Calculate the average z-coordinate of each patch zj,
relative to z in terms of the number of lipids within that
patch ny:

1 / _
zjk=aZ[Zz—z, (C2)

where ) indicates summation only over the ny lipids in
patch (j, k).

(e) If a patch contains no lipids (n; = 0) as in Fig. 15,
then a simple interpolation is performed. The z-coordinate is
calculated as a weighted average from the nearest-neighbor
grid points (j, k) = (G £ 1, k£ 1):

D0k HGRZ R
Z(j,k) I(j k)

This method assumes that no two neighboring patches within
the same monolayer are empty.

(f) Take the Fourier transform of zj using FFTW.”! Cal-
culate hq and 74 using Eq. (8).

ljk =

(Ihg?) = {(zg + AT+ 21) =

J. Chem. Phys. 135, 244701 (2011)

(g) Calculate (Vz)j to evaluate the surface normal

Nji = £ (V) /y/ (Vo) + 1, (C3)

where (+) is used for the top monolayer and (—) is used for
the bottom. The gradient is calculated in Fourier space as
(Vz2)q = iqzq and the inverse Fourier transform of (Vz)q is
used to obtain (Vz);;. Fourier components whose g, or g, val-
ues correspond to n, m = —M/2 (the Nyquist frequency) are
disregarded.

(h) Compute the grid-averaged tilt vector m j; given by

1 ’ -
mjk = n_ E lng — Njk,
Jjk

where Njk is given in Eq. (C3).

(1) Using the discrete Fourier transform, calculate
{py Pa> Py Pq) defined in Eq. (10), where the superscripts
denote the ¢, and g, components.

(j) Calculate { ﬁd‘, ﬁg} using the transformation,

f)(ll g ay ﬁ();
Al | T SE K
Dy 9 \—49y 4x Pq

and similarly for [32 and ﬁd‘.

(k) Average over all frames to acquire equilibrium aver-
ages (...).

(1) Obtain spectra which only depend on ¢ by averaging
data sets over ¢’ values for which || = g.

APPENDIX D: THERMAL AVERAGES FOR COUPLED
BENDING/PROTRUSION MODES

Here, the expressions for the fluctuation spectra are given
for the general case of coupled bending/protrusion modes (see
Sec. III),

kgT
(AT A AT +AY) (1)

(Vs — ko) keq* + (vako — kake) g% — kiko

=kpT

kT

(1p417) = —— (AY) = (g 1”) =

2

(ALY = (Rl — igaD)(m! y +igrty) =

295 (vi — K9) keq® + 2i0(v? — kike)gh

kgT kT
2 (B44 ) = —2(K9 n Ktqu) )
kgT . 1 . - _
= (A% +igAy) —igAy + @A) (D2)

(Vs — ko) keq® + vii — koke

=kgT

(hal”) = (2 +2q) (7q +25))

2y (va — ko) keq? + 260 (v} — kike)'

kgT -1 -1 -1
= T (Bu +B;; +B; +B33) (D3)
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koT {400 — yokla* + [~ % — %2 —dyi) +4 (% + o) K] 0? + 4 (4 + k) o |

8yakl (kg — 12) 4% — 2 [Vx (?—g +dip 3+ 4)’M<9> - 4kxl<9kf] q* =2k 3} (% + 4K9> q*+ 81;—;2‘(qu2 +k)(kbg? + ko)

(pUP) = () —igrg)m § +iga=) =

knT {40 — p)kig® — [ + 28 14y 4 (4

kgT

= (B +igB,) —igBy) +¢’By;) (D4)

)R] gt 4o+ - 2] g2 a s ]

8Yik? (kg — 1) q° =2 [n (f—g + 42 4 4W<e) - 4kfku<e] q* =2kt (,,% + 4K9) 9% + 834 (1q” + ki) (k2g? + o)
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